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3.3 Logarithms and Logarithmic Functions 
For use with Exploration 3.3

Name _________________________________________________________  Date __________  

Essential Question What are some of the characteristics of the graph of 
a logarithmic function? 
Every exponential function of the form ( ) ,xf x b=  where b is a positive real number other 
than 1, has an inverse function that you can denote by ( ) logbg x x= . This inverse function is 
called a logarithmic function with base b. 

 

Work with a partner. Find the value of x in each exponential equation. Explain your 
reasoning. Then use the value of x to rewrite the exponential equation in its equivalent 
logarithmic form, log .bx y=  

  a. 2 8x =  b. 3 9x =  c. 4 2x =  

 

 

 

  d. 5 1x =  e. 15
5

x =  f. 8 4x =  

 

 

 

 

Go to BigIdeasMath.com for an interactive tool to investigate this exploration. 

Work with a partner. Complete each table for the given exponential function. Use the 
results to complete the table for the given logarithmic function. Explain your reasoning. 
Then sketch the graphs of f and g in the same coordinate plane. 

a.  

   

 

  

1 EXPLORATION: Rewriting Exponential Equations 

2 EXPLORATION: Graphing Exponential and Logarithmic Functions 

 x 2−  1−  0 1 2 

 ( ) xf x 2=       

 x      

 ( )g x x2log=  2−  1−  0 1 2 
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3.3 Logarithms and Logarithmic Functions (continued) 

Name _________________________________________________________ Date __________  

 

 b.  

   

 

 

 

 

 

 

 

 

Work with a partner. Use the graphs you sketched in Exploration 2 to determine the 
domain, range, x-intercept, and asymptote of the graph of ( ) log ,bg x x=  where b is a 
positive real number other than 1. Explain your reasoning. 

 

 

Communicate Your Answer 
 4. What are some of the characteristics of the graph of a logarithmic function? 

 

 5. How can you use the graph of an exponential function to obtain the graph of a 
logarithmic function? 

3 EXPLORATION: Characteristics of Graphs of Logarithmic Functions 

 x 2−  1−  0 1 2 

 ( ) xf x 10=       

 x      

 ( )g x x10log=  2−  1−  0 1 2 

2 EXPLORATION: Graphing Exponential and Logarithmic Functions (continued) 
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3.3 Notetaking with Vocabulary 
For use after Lesson 3.3 

Name _________________________________________________________  Date __________  

In your own words, write the meaning of each vocabulary term. 

logarithm of y with base b 

 

common logarithm 

 

natural logarithm 

 

Core Concepts 
Definition of Logarithm with Base b 
Let b and y be positive real numbers with 1.b ≠ The logarithm of y with base b is 
denoted by logb y and is defined as 

  logb y x=   if and only if  .xb y=  

The expression logb y is read as “log base b of y.” 

Notes: 
 

 

 

 

 

 

Practice
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3.3 Notetaking with Vocabulary 
For use after Lesson 3.3 

Name _________________________________________________________  Date __________  

In your own words, write the meaning of each vocabulary term. 

logarithm of y with base b 

 

common logarithm 

 

natural logarithm 

 

Core Concepts 
Definition of Logarithm with Base b 
Let b and y be positive real numbers with 1.b ≠ The logarithm of y with base b is 
denoted by logb y and is defined as 

  logb y x=   if and only if  .xb y=  

The expression logb y is read as “log base b of y.” 

Notes: 
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3.3 Notetaking with Vocabulary 
For use after Lesson 3.3 

Name _________________________________________________________  Date __________  

In your own words, write the meaning of each vocabulary term. 

logarithm of y with base b 

 

common logarithm 

 

natural logarithm 

 

Core Concepts 
Definition of Logarithm with Base b 
Let b and y be positive real numbers with 1.b ≠ The logarithm of y with base b is 
denoted by logb y and is defined as 

  logb y x=   if and only if  .xb y=  

The expression logb y is read as “log base b of y.” 

Notes: 
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3.3 Notetaking with Vocabulary (continued) 

Name _________________________________________________________  Date _________  

Parent Graphs for Logarithmic Functions 

The graph of ( ) logbf x x= is shown below for 1b > and for 0 1.b< <  

Because ( ) logbf x x= and ( ) xg x b=  are inverse functions, the graph of  

( ) logbf x x=  is the reflection of the graph of ( ) xg x b= in the line .y x=  

Graph of ( ) log= bf x x  for 1>b  Graph of ( ) log= bf x x  for 0 1< <b  

 

Note that the y-axis is a vertical asymptote of the graph of ( ) log .bf x x=  The domain of 

( ) log  is 0,bf x x x= >  and the range is all real numbers. 

Notes: 
 

 

 

 

 

 

Extra Practice 
In Exercises 1–4, rewrite the equation in exponential form. 

 1. 10log 1000 3=  2. 5
1log 2
25

= −  3. 10log 1 0=  4. 1 4log 64 3= −  

 

x

y

(1, 0)

(0, 1)

f(x) = logb x

g(x) = bx

x

y

(1, 0)
(0, 1)

f(x) = logb x

(0

g(x) = bx

 Practice A
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3.3 Notetaking with Vocabulary (continued) 

Name _________________________________________________________  Date _________  

Parent Graphs for Logarithmic Functions 

The graph of ( ) logbf x x= is shown below for 1b > and for 0 1.b< <  

Because ( ) logbf x x= and ( ) xg x b=  are inverse functions, the graph of  

( ) logbf x x=  is the reflection of the graph of ( ) xg x b= in the line .y x=  

Graph of ( ) log= bf x x  for 1>b  Graph of ( ) log= bf x x  for 0 1< <b  

 

Note that the y-axis is a vertical asymptote of the graph of ( ) log .bf x x=  The domain of 

( ) log  is 0,bf x x x= >  and the range is all real numbers. 

Notes: 
 

 

 

 

 

 

Extra Practice 
In Exercises 1–4, rewrite the equation in exponential form. 

 1. 10log 1000 3=  2. 5
1log 2
25

= −  3. 10log 1 0=  4. 1 4log 64 3= −  

 

x

y

(1, 0)

(0, 1)

f(x) = logb x

g(x) = bx

x

y

(1, 0)
(0, 1)

f(x) = logb x

(0

g(x) = bx

 Practice A

Practice (continued)

Worked-Out Examples

Example #1

Rewrite the equation in logarithmic form.

Example #2

Evaluate the logarithm.
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3.3 Notetaking with Vocabulary (continued) 

Name _________________________________________________________  Date _________  

Parent Graphs for Logarithmic Functions 

The graph of ( ) logbf x x= is shown below for 1b > and for 0 1.b< <  

Because ( ) logbf x x= and ( ) xg x b=  are inverse functions, the graph of  

( ) logbf x x=  is the reflection of the graph of ( ) xg x b= in the line .y x=  

Graph of ( ) log= bf x x  for 1>b  Graph of ( ) log= bf x x  for 0 1< <b  

 

Note that the y-axis is a vertical asymptote of the graph of ( ) log .bf x x=  The domain of 

( ) log  is 0,bf x x x= >  and the range is all real numbers. 

Notes: 
 

 

 

 

 

 

Extra Practice 
In Exercises 1–4, rewrite the equation in exponential form. 

 1. 10log 1000 3=  2. 5
1log 2
25

= −  3. 10log 1 0=  4. 1 4log 64 3= −  

 

x

y

(1, 0)

(0, 1)

f(x) = logb x

g(x) = bx

x

y

(1, 0)
(0, 1)

f(x) = logb x

(0

g(x) = bx

 Practice A
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Chapter 5

  Step 4  Because y = log2 x and y = 2x are inverse functions, 
the graph of y = log2 x is obtained by refl ecting the 
graph of y = 2x in the line y = x. To do this, reverse 
the coordinates of the points of y = 2x and plot these 
new points to obtain the graph of y = log2 x.

   
y

4 6 8 102

2

4

6

8

x

−2

 20. Step 1  Find the inverse of f. From the defi nition of 
logarithm, the inverse of f (x) = log5 x is g(x) = 5x.

  Step 2  Make a table of values of g(x) = 5x.

x −2 −1 0 1 2

g(x)   1 — 
25

    1 — 
5

  1 5 25

  Step 3  Plot the points from the table and connect them with 
a smooth curve.

  Step 4  Because f (x) = log5 x and g(x) = 5x are inverse 
functions, the graph of f is obtained by refl ecting 
the graph of g in the line y = x. To do this, reverse 
the coordinates of the points of g and plot these new 
points to obtain the graph of f.

   y

4 62

2

4

x

−2

 21. Step 1  Find the inverse of y = log1�2 x. From the defi nition 

of logarithm, the inverse of y = log1�2 x is y =   (   1 — 
2
   )  x .

  Step 2  Make a table of values of y =   (   1 — 
2
   )  x .

x −2 −1 0 1 2

y 4 2 1   1 — 
2
    1 — 

4
  

  Step 3  Plot the points from the table and connect them with 
a smooth curve.

  Step 4  Because y = log1�2 x and y =   (   1 — 
2

   )  x  are inverse 

functions, the graph of y = log1�2 x is obtained 

by refl ecting the graph of y =  (    1 — 
2

   )  x  in the line 

y = x. To do this, reverse the coordinates of the 

points of y =   (   1 — 
2

   )  x  and plot these points to obtain the 

graph of y = log1�2 x.

   
y

4 62

2

4

x

−2

5.2 Exercises (pp. 262 –264)

Vocabulary and Core Concept Check

 1.  A logarithm with base 10 is called a common logarithm.

 2.  The expression log3 9 is read as “log base 3 of 9.”

 3.  The functions y = 7x and y = log7 x are inverse functions.

 4. “Evaluate 42 ” is different than the others, the answer of 
“Evaluate 42 ” is 16 and the other answer is 2.

Monitoring Progress and Modeling with Mathematics

 5. log3 9 = 2, so 32 = 9.

 6. log4 4 = 1, so 41 = 4.

 7. log6 1 = 0, so 60 = 1.

 8. log7 343 = 3, so 73 = 343.

 9. log1�2 16 = −4, so    (   1 — 
2

   )  −4
  = 16.

 10. log3   
1
 — 

3
   = −1, so 3−1 =   1 — 

3
  .

 11. 62 = 36, so log6 36 = 2.

 12. 120 = 1, so log12 1 = 0.

 13 16−1 =   1 — 
16

  , so log16   
1 — 

16
   = −1.

 14. 5−2 =   1 — 
25

  , so log5   
1 — 

25
   = −2.

 15. 1252�3 = 25, so log125 25 =   2 — 
3

  .

 16. 491�2 = 7, so log49 7 =   1 — 
2

  .

 17. log3 81 = log3 34 = 4

 18. log7 49 = log7 72 = 2

 19. log3 3 = 1

 20. log1�2 1 = 0
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Chapter 5

 21. log5   
1 — 

625
   = log5 5−4 = −4

 22. log8   
1
 — 

512
   = log8 8−3 = −3

 23. log4 0.25 = log4   
1 — 
4
   = log4 4−1 = −1

 24. log10 0.001 = log10   
1 — 

1000
   = log10 10−3 = −3

 25. log5 23 ≈ 1.95, log6 38 ≈ 2.03, log7 8 ≈ 1.07, 
log8 10 ≈ 3.32 so, log7 8 < log5 23 < log6 38 < log2 10.

 26.  The expression log2 (−1) is not defi ned because there is no 
exponent for 2 that produces −1. The expression log1 1 is 
not defi ned because the logarithm is not defi ned for a base 
of 1.

 27. log 6 ≈ 0.778

 28. ln 12 ≈ 2.485

 29. ln   1 — 
3
   ≈ −1.099

 30. log   2 — 
7
   ≈ −0.544

 31. 3 ln 0.5 ≈ −2.079

 32. log 0.6 + 1 ≈ 0.778

 33.  When p = 57,000,

   h = −8005 ln   57,000 — 
101,300

   ≈ 4603.

  So, when the air pressure is 57,000 pascals the height is 
about 4603 meters.

 34. a. pH = −log 10−8 = −(−8) = 8
   The pH value of baking soda is 8.

  b. pH = −log 10−3 = −(−3) = 3
   The pH value of vinegar is 3.

 35.  7 log7 x  = x

 36.  3 log3 5x  = 5x

 37.  eln 4 = 4

 38.   10log 15 = 15

 39.  log3 32x = 2x

 40.  ln ex+1 = x + 1

 41. The error is in the placement of the values.

  log4   
1 — 
64

   = −3

 42.  The error is in rewriting 64x.

   log4 64x = log4 43x = 3x

 43.   y = 0.3x

   x = 0.3y

   log0.3 x = y
  The inverse of y = 0.3x is y = log0.3 x.

 44.   y = 11x

   x = 11y

   log11 x = y
  The inverse of y = 11x is y = log11 x.

 45.   y = log2 x 

   x = log2 y

   2x = y
  The inverse of y = log2 x is y = 2x.

 46.  y = log1�5 x
   x = log1�5 y

     (   1 — 
5
   )  x  = y

  The inverse of y = log1�5 x is y =   (   1 — 
5
   )  x .

 47.   y = ln(x − 1)

   x = ln(  y − 1)

   ex = y − 1
   ex + 1 = y
  The inverse of y = ln(x − 1) is y = ex + 1.

 48.   y = ln 2x

   x = ln 2y

   ex = 2y

     1 — 2  e
x = y

  The inverse of y = ln 2x is y =   1 — 2  e
x.

 49.  y = e3x

    x = e3y

   ln x = 3y

     1 — 
3
  ln x = y

  The inverse of y = e3x is y =   1 — 3   ln x.

 50.   y = ex−4

   x = ey−4

   ln x = y − 4
   ln x + 4 = y
  The inverse of y = ex−4 is y = ln x + 4.

 51.  y = 5x − 9
   x = 5y − 9
   x + 9 = 5y

   log5(x + 9) = y
  The inverse of y = 5x − 9 is y = log5(x + 9).
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3.3 Notetaking with Vocabulary (continued) 

Name _________________________________________________________  Date _________  

Parent Graphs for Logarithmic Functions 

The graph of ( ) logbf x x= is shown below for 1b > and for 0 1.b< <  

Because ( ) logbf x x= and ( ) xg x b=  are inverse functions, the graph of  

( ) logbf x x=  is the reflection of the graph of ( ) xg x b= in the line .y x=  

Graph of ( ) log= bf x x  for 1>b  Graph of ( ) log= bf x x  for 0 1< <b  

 

Note that the y-axis is a vertical asymptote of the graph of ( ) log .bf x x=  The domain of 

( ) log  is 0,bf x x x= >  and the range is all real numbers. 

Notes: 
 

 

 

 

 

 

Extra Practice 
In Exercises 1–4, rewrite the equation in exponential form. 

 1. 10log 1000 3=  2. 5
1log 2
25

= −  3. 10log 1 0=  4. 1 4log 64 3= −  

 

x

y

(1, 0)

(0, 1)

f(x) = logb x

g(x) = bx

x

y

(1, 0)
(0, 1)

f(x) = logb x

(0

g(x) = bx

 Practice A
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Notetaking with Vocabulary (continued) 3.3 

Name _________________________________________________________  Date __________  

In Exercises 5–8, rewrite the equation in logarithmic form. 

 5. 212 144=  6. 1 120
20

− =  7. 1 3216 6=  8. 04 1=  

 

 

In Exercises 9–12, evaluate the logarithm. 

 9. 4log 64  10. 1 8log 1 11. 2
1log
32

 12. 1 25
1log
5

 

 

In Exercises 13 and 14, simplify the expression. 

 13. log 61313    14. 
3ln  xe  

 

 

In Exercises 15 and 16, find the inverse of the function. 

 15. 15 10xy = +    16. ( )ln 2 8y x= −  

 

 

 

In Exercises 17 and 18, graph the function. Determine the asymptote of the 
function. 

 17. ( )2log 1y x= +    18. 1 2log 4y x= −  

 

 

 

Practice (continued)
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5.2 Practice B 

Name _________________________________________________________  Date __________  

In Exercises 1–3, rewrite the equation in exponential form. 

 1. 9log 1 0=  2. 6log 216 3=  3. 2
1
4log 2= −  

In Exercises 4–6, rewrite the equation in logarithmic form. 

 4. 2 1
16913− =  5. 3 24 8=  6. 1 281 9=  

In Exercises 7–12, evaluate the logarithm. 

 7. 8log 64  8. 2log 32  9. 10log 1  

 10. 3
1
81log  11. 2log 0.125  12. 10log 0.01 

In Exercises 13–15, evaluate the logarithm using a calculator. Round your answer 
to three decimal places. 

 13. ( )1
5log  14. ( )2 ln 1.4  15. ( )ln 0.4 2−  

 16. The decibel level D of sound is given by the equation 
12

10 log ,
10

ID
−

=  where 

I is the intensity of the sound. The pain threshold for sound is 125 decibels. Does a 
sound with an intensity of 10 exceed the pain threshold? Explain.  

In Exercises 17–19, simply the expression. 

 17. ln 7 xe  18. log 1810  19. ( )3log 10 x  

In Exercises 20–25, find the inverse of the function. 

 20. 0.75xy =  21. 3 4logy x=  22. log
2
xy =  

 23. ( )ln 2y x= +  24. 3xy e −=  25. 6 2xy = +  

 26. The length  (in inches) of an alligator and its weight w (in pounds) are related by 
the function 27.1 ln  32.8.w= −  

 a. Estimate the length (in inches) of an alligator that weighs 250 pounds. What is 
its length in feet? 

 b. Find the inverse of the given function. Use the inverse function to find the 
weight of a 14-foot alligator. (Hint: Convert to inches first.)  

 Practice B




